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Keywords Abstract
Ground reaction curve This paper considers the non-associated flow rule to propose an
Non-associated flow rule analytical solution to calculate the ground reaction curve at the

crown of a circular tunnel. This solution is based on the Mohr-
Coulomb failure criterion and the dilation angle has been considered
as a function of two factors of rock mass quality and confining stress.
The results show that if the radial displacements are not controlled,
aloosening zone is produced in the tunnel crown (cohesion=0.2 MPa
and friction angle=25°). Moreover, based on the trend of the ground reaction curve at the tunnel crown,
three new concepts “minimum required support pressure”, “maximum allowable strain”, and “safety factor
based on the maximum allowable strain” was presented. Considering the interaction between the support
characteristics curve and ground reaction curves, the efficiency of the associated flow rule to the non-
associated flow rule was investigated. Results state that the use of the associated flow rule causes some
sort of computational errors in determining the maximum allowable strain (too high) and consequently,
the design accuracy of the support system is very low. Moreover, taking into account the associated flow
and non-associated flow rules at the sidewall and tunnel crown, the interaction between the support
characteristics curve and ground reaction curve was investigated. Based on the results, it was suggested
that to design an optimal support system, it is necessary to calculate the safety factor based on the
maximum allowable strain by considering the interaction between the support characteristics curve and
the ground reaction curve at the tunnel crown. Finally, a procedure was presented for the design of the
support system.

Dilation angle
Radial displacement

1. INTRODUCTION value of displacements, is dilatancy. Based on the
continuum mechanics, dilatancy is often evaluated

To study the relationship between induced by the dilation angle () [4-7].

stresses and displacement fields surrounding

underground openings such as tunnels, the The investigation of the previous studies in the
understanding stress-strain relation of material tunneling field is shown that the approach of
(rock or soil) before and after failure and considering the dilation angle is often simplistic;
subsequently their mechanical behavior model is the dilation angle is considered as either one of
very important [1-3]. One of the most important two values of zero in a non-associated flow rule or
nonlinear responses to the stress—strain behavior the same as the internal friction angle of material
of the material, which has an effective role in the in an associated flow rule. But, some researchers
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have shown that the application of the associated
flow rule and a simple state of the non-associated
flow rule (y=0) to study the post-failure behavior
of the material is not suitable [8-12]. In reality, in
the associated flow rule the failure criterion
determines both yielding and flow direction
(plastic strain rate) simultaneously. However,
various studies showed the invalidity of the
associated flow rule concept for application to
highly anisotropic materials, porous, granular, and
geologic materials (rock and soil) has been
proven, because large gradients on the curvature
of the associated flow rule yield surface may cause
convergence problems [13-16]. Spitzig and
Richmond [13] showed that the associated flow
rule over-predicts the plastic dilatation in the
presence of superimposed hydrostatic pressure.
Thus, describing the mentioned materials in terms
of both plastic strain rate and yielding behavior
with an identical criterion for yield criterion and
plastic potential function is not proper, and also
the associated flow rule is unable to deal with zero
plastic dilatancy and pressure sensitivity, because
zero plastic dilatancy requires the plastic potential
to be a function of the deviatoric stress only, and
must therefore be insensitive to pressure [17,18].

Unlike the associated flow rule, the non-
associated flow rule is considered two separate
functions for yield function (failure criterion) and
plastic potential function, so that the yield
function describes the elastic limit and the plastic
potential function represents the plastic strain
rate direction [19]. Therefore, the non-associated
flow rule could be applied for an explanation of
simultaneous pressure sensitivity and negligible
plastic dilatancy. Also, using the non-associated
flow rule for the highly anisotropic materials,
porous, granular, and geologic materials, the
curvature is reduced and consequently, the
convergence is improved [18,19].

Recently, some researchers have applied the
ground reaction curve (GRC) to investigate the
effect of dilatancy on the radial displacements and
the interaction between ground and tunnel [8-
10,12,20-24]. The trend of GRC depends on the
plastic zone radius (Rp) surrounding the tunnel
and it has an important role in determining the
characteristics support system. In most previous
research, generally, the GRC has been calculated
for the sidewall (GRC%2!l) and crown of the tunnel
(GRCerown) [8,9,20-29]. It should be noted, due to
the effect of plastic weight on the radial
displacements, the trend of GRCerown differs from
GRCwal, Roussev [29], considering a plastic zone
with brittle behavior surrounding a circular
tunnel within an infinite rock mass subjected to
hydrostatic in situ stress (o0) (Fig. 1), showed that,
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due to the plastic zone weight, if the bearing
capacity of support system is low, and it cannot
control the radial displacements, the plastic zone
radius will be extended and consequently the
radial displacements are increased extremely,
therefore an ascending part in the trend of
GRCerown js produced.

Ground level

Elastic Zone !1’

plastic zone

Fig. 1. Plastic zone around a circular tunnel.

However, Roussev [29], to calculate the radial
displacements, considered the simplistic
approach of the associated flow rule. Based on this
rule, the maximum practical value of the dilation
angle is assumed to be equal to the internal
friction angle which corresponds to the associated
plasticity. Therefore, the obtained trend of
GRCerwon js unrealistic. In this paper, considering
the non-associated rule, the brittle behavior of
rock mass, and the effect of plastic zone weight, an
analytical solution for calculating GRCerown is
presented. Also, in this solution, the amount of 1 is
not considered constant but also it is a function of
confining stress and rock mass quality. Moreover,
based on the trend of GRCerown, three concepts of
“minimum  required  support  pressure”,
“maximum allowable strain”, and “safety factor
based on the maximum allowable strain” are
suggested and finally the effect of dilation angle on
the GRCerown, the minimum required support
pressure, maximum allowable strain, and the
interaction between support system and GRCerown
is investigated.

2. CALCULATION OF THE PLASTIC ZONE
RADIUS

The process of determining the plastic zone
radius requires the utilization of a proper failure
criterion (yield function) applicable to the
material being considered. In this study, it is
assumed that the rock mass around the tunnel
satisfies the Mohr-Coulomb failure criterion. In
polar coordinates and considering the hydrostatic
stress field, the Mohr-Coulomb failure criterion
can be written as follows [23]:
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_14sing

T 1-sing » Tem
_ 2ccos¢

T 1-sing

o9 = ko, + ooy, k

(1)

where, c is the cohesion of rock mass, @ is the
internal friction angle of the rock mass. Moreover,
for damaged rock mass, the Mohr-Coulomb failure
is rewritten as follows [23]:

., 1+sing,

=—F",0,
1-sing,” ™
2¢, cos ¢,

T 1-sing,

og =k'o, + 0, k

(2)

where, ¢r and ¢@r are the residual values of
cohesion and internal friction angle, respectively.

Eq. (3) is applied to calculate R, [29].
Therefore, by substituting Eq. (1) into Eq. (3), it
yields a differential equation for the stress field
within the plastic zone as Eq. (4):

do, o0,— 0y

dr T 0 3

dao, N A-k)o, — o

=0 (4)

dr r

Considering the boundary condition at the
tunnel circumference (at tunnel radius, Ro, the
support pressure is equal to Pi1), Eq. (4) can be
solved as below:

o (Pt )

k-1
Ro

—Ocm

k-1

(5)

g, =

It should be noted that Pi1=0. Outside plastic
zone, r=Rp, the radial and tangential stresses are
calculated as [30]:

2
0y = 0g — (%) (00 - arsz)

70 = 0+ (%2 (00~ 512s,)

is the radial stress at the outer

(6)

()

where,ar:Rp
boundary of plastic zone (boundary between
elastic zone and plastic zone). Therefore, with
considering r=Rj, the summation of stresses at the
outer boundary of plastic zone yields:

0g + 0, = 20,

(8)

Furthermore, according to Eq. (1), the stress
summation at the outer boundary of plastic zone
is:

og+o, =1+ k)arsz +0.m 9)
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Considering Eq. (8) and Eq. (9),0T:Rpcan be
obtained by solving the following equation:

200 = (1 + k)Oy=g, + Ocm (10)
Therefore,
260 — Ocm
or = Tk ()

On other hand, at r=Rp, Eq. (5) is written as
below:

k-1 0,
_ " Ocm n Ry (Pil + kCTml) (12)
Or=rp = k—1 Rok—l

Therefore, considering Eq. (11) and Eq. (12), Rp
can be obtained by the following equation:
1

(o )|

(Po + £227)

3. CALCULATION OF THE PRESSURE DUE TO
PLASTIC ZONE WEIGHT

(13)

RP=R0

Eq. (14), considering the resistance properties
of damaged rock mass within plastic zone, is used
to calculate the pressure due to plastic zone
weight [29]. Therefore, substituting Eq. (2) into
Eq. (14) yields a differential equation within the
plastic zone as Eq. (15):

do, o0,— 0y
dr

+y=0 (14)

do,

+ (1 B k’)ar B aém +

dr T r=20

(15)

At the tunnel crown, the radial direction and
vertical direction are the same and also the plastic
zone weight produces a radial stress in the vertical
direction. On the other hand, at the outer
boundary of plastic zone, the radial stress due to
plastic zone weight is equal to zero. Therefore, by
considering the boundary condition at the outer
boundary of plastic zone (at Rp, or is equal to zero)
Eq. (15) is solved as:

Oy

3 —Gc'm(k' — 2) + ry(k' — 1)

B k'= Dk -2) 16)
R, N\ [—oem(k' = 2) + Ryy(k' — 1)

R ( (k'= 1Dk —2) >

Note that in Eq. (16), while r=Ry, the pressure
due to the plastic zone weight on the tunnel
circumference (P:2) is obtained as follows:
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Py,

3 —0em(k'—2) + Roy (k' — 1)

B (k"= D'~ 2) (17)
R, N [—oem(k' —2) + Ryy(k' — 1)

VRS < k= 1)k —2) )

4. CALCULATION
DISPLACEMENTS

OF THE RADIAL

4. 1. The Elastic Radial Displacements

The rock mass behaviour of outside plastic
zone is elastic. Due to the tunnel excavation, the
magnitude and orientation of in situ stresses at
outside plastic zone change. However, these
changes are not significant enough to have
influence on the tunnel stability and the rock mass
behaviour remains elastic, therefore the type of
radial displacements is elastic so that the
maximum elastic radial displacement is happened
at the outer boundary of plastic zone which
obtained by the following equation [31]:

(1+v)R
ursz = —Tp(ao —_ 0-T=Rp) (18)

4. 2. The Plastic Radial Displacements

The plastic radial displacements are related to
plastic zone. To calculate the plastic radial
displacement, at the first step, the maximum
plastic zone radius which could be happened must
be determined. Roussev [29] showed that if the
bearing capacity of support system is not
sufficient, and it cannot control the displacements,
the plastic radius will be extended extremely and
consequently a loosening zone is created around
tunnel with radius of Rioosening. According to Eq.
(12), due to the increment of plastic zone radius,
the radial stress at the outer boundary of plastic
zone is reduced, therefore, from theoretical point
of view, the extension of plastic zone radius may
be continued until the radial stress at outer
boundary is larger than zero [29]. Thus, by
substituting go=y(H+Ro-Ryp) in Eq. (11), Ricosening can
be found based on Eq. (19). It should be noted that,
in reality, Ricosening may be appeared at less value
than the value obtained from Eq. (19) [29]. It
should be noted that when Pi is zero, the
loosening zone can be created. Moreover, to
calculate Pi2, Ry changes within the range of Ro and
Rloosening.

2ccos ¢
2y(1 —sin ¢)
It should be noted that, to calculate the plastic

radial displacement, R, changes within the range
of Ro and Risosening. Within plastic zone, the total

Rloosening =H+ RO - (19)
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strain is obtained by sum of elastic and plastic
strains as follows:

i plast'c

o gelastzc £ L (20)
1 plastic

£ — gelastlc £ (::])

where &ris the radial strain, €¢ is the tangential
strain. Considering axisymmetric conditions, the
relationships between strain and radial
displacement (ur) at any point in the material
define accordance Egs. (22) and (23). It should be
noted that compressive direct strains and radially
outward displacements take in to positive.

du,
- _ 22
& = (22)
W
€9 = r (23)

To determine the strain field in plastic zone, a
plastic flow rule is needed which in this research,
based on the mentioned advantages and
disadvantages for flow rules in the introduction,
the non-associated flow rule was considered. In
the non-associated flow, separately, the limit
between elastic and non-elastic is described by the
failure criterion and the plastic potential function
represents the plastic strain rate direction [19].
Thus, the plastic potential function is as follows
[23]:

f(oy,09) = 09 — Kyo, — 2c ’Kw =0

A review of a number of publications on this
topic reveals that, to calculate Ky, the dilation
angle is considered as a constant value, whereas,
some researchers [5,10,32] showed the use of a
constant dilation angle in calculation process of
displacements is an unrealistic and misleading
analysis. Based on the experimental results of
triaxial compression tests, it is shown that the
dilation angle is a function of plastic parameters
and confining stress so that, the dilation angle
gradually decreased with increasing confining
stress [10, 33-35]. Alejano and Alonso [10] to
consider the effects of confining stress plastic
parameters, presented a new model based on the
experimental tests, for calculating the actual
dilatancy and showed that both factors of the
quality of the rock mass and confining stress affect
on the actual dilatancy values. Finally, they
presented an empirical relationship to calculate
the peak value of dilation angle as follows:

¢ lo Oci
1+ 10g100y Jas+01

(24)

Ypeak = (25)
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where, o is the uniaxial compressive strength
of intact rock and o3 is the confining stress.

Alejano and Alonso [10] investigated the
dilatancy decay to the plastic parameters and
suggested the Eq. (26) to calculate Ky. In studying
decay in the dilatancy angle in line with plasticity,
the first option is to assign an exponential decay
function to Ky (the dilatancy relationship). The
decay goes from a previously estimated peak
value to a null value corresponding to no plastic
volume increase. This null value is proposed in the
light of the fact that a rock cannot dilate infinitely.

n

Ky =1+ (Kypear — 1eT (26)

1+ sinYpeqr

- 27
1 —sinYpear (27)

Kl/},peak =
The parameter n* is the plastic parameter
which marks the transition to residual strength
values which, for brittle behaviour, is obtained as
Eg. (28) and np is defined as the difference between
the major and minor principal plastic strains,
which reflects the plastic shear strain. It should be
noted that in the elastic-brittle-plastic behaviour
model, there is a sudden loss of strength, therefore
for brittle rocks, the values of  and n* are the
same [10].

peak res
. _|og  (0r) =05 (o)
n* = - B (1 +Ky)

(28)

The non-elastic parts of radial and tangential
strains may be related to the plane strain
condition as follows [36]:

plastic __

elastic
T - _KIIJ €o

(29)

With  considering Eqgs. (20)-(30) the
differential equation of radial displacement is
obtained as follows:

du u

drr + Ky Tr = f(r) (30)
where

f(r) = gflastic + Klpsglastic (31)

Thus, the radial displacement at elastic-plastic
interface can be calculated by solving Eq. (32). It
should be noted that the Eq. (18) is applied as the
boundary condition of Eq. (32) [8].
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-
U, = r‘K‘l’f r®v f(r)dr
Fp 32
. (32)
+ures, ()
where E is the Young’s modulus and v is the
poisson’s ratio of the material.

According to Eq. (31), f{r) is a function of
elastic strains; hence to calculate Eq. (32), the
values of elastic strains are needed. Egs. (33) and
(34) are expressions for the radial and tangential
strains in elastic zone.

elastic

gT
_ 1+v)
-——a
— 2 —_ . iy — 2
_ ) ((Jr=Rp Uo) sz (Pz; + Py Uo)Ro> (33)
RZ— R

(Pi+ Pip = 0vg, ) RER?
r2(Rj — Rq)

elastic

&g
B 1+v)
= a
(Jr=Rp - 50) Rz —(Py+ Py — ao)Rg (34)
-2v) RZ_RZ
P 0

(Pi1 + P, - Jr:Rp) R(%Ré
r2(R3 — R§)

Therefore

f@
A -2v)(1+Ky)

((Ur—Rp - Uo) R} — (P + Py — UO)R02> +

_a+v)
T E

RZ — R}

(Pil + Piz — Op=p )RSRS
(1- Kw)( A

V(R —RY)

(35)

Consequently, the analytical expression of the
radial displacement within plastic zone is derived
by integrating Eq. (32) as Eq. (36), which with
replacing r=Ro, into Eq. (36), the radial
displacement at the tunnel circumference can be
determined. It should be noted that to apply the
associated flow rule to determine the radial
displacement, new equations can be derived by
substituting the internal friction angle for the
dilation angle in Eq. (36) which used in the non-
associated flow rule [23].
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Uy

(((U”Rp )R - (le + P = UO)RO \
R2
_ 1+v) Rk | (1-12v) ( RV Kw+1) |
B (Pa+Pu—ors )RR\ | (36)
- RZ — RZ |
(e~ = /
(1+v)R R \Kv
- EV v (Jo - JT=RP) (TIJ)

5.EVALUATION OF THE SUGGESTED SOLUTION

In order to evaluate the analytical solution, A
circular tunnel with a radius of 5 m and a depth of
100 m is considered. The rock mass properties are
given in Table 1. According to Fig. 2, GRCcrown was
obtained based on the suggested solution and
compared with the Roussev results. It should be
noted, in this research, for calculating GRCerown, the
absolute value of radial displacement was
considered. As shown in Fig. 2, the calculated
GRCerown by the suggested solution is in good
agreement with the Roussev results, which show
the ability of the suggested solution. It should be
noted that in the Roussev method [29], the radial
displacements were calculated based on the
associated flow rule, thus, to evaluate, it was
assumed that the dilation angle is equal to the
internal friction angle of the rock mass.

Table 1. Input data to investigate the performance of
suggested solution

(MYN/ E C () Cr Pr
01 MPa) () (MPa) ()
0.024 450 0.32 0.2 25 0.02 115

In Fig. 3, considering the non-associated flow
rule and a variable value for dilation angle, the
trend of GRCeow» has been compared with the
Roussev method. Based on the Eq. (25), the
maximum dilation angle is about 13.5°, while
considering the associated flow rule, the amount
of dilation angle is constant and equal to 25°.
Therefore, the trend of GRCerown is very different
compared to the Roussev method. Moreover, in
Fig.3, based on the suggested solution, GRCcrown
was compared with GRCwal, which will be
explained in the next section.
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3 1 —— GRC in crown, y=¢p=25
2.5 4 A Roussev, y=¢=25
= 27
[a
S 15 -
a1 4
0.5 -
0 T — T )
0 200 400 600 800 1000
u, (mm)

Fig. 2. Comparison of GRCow» based on suggested solution
and Roussev method [29] considering the associated flow
rule.

3 —— GRC in sidewall, y=variable
25 — GRC in crown, y=variable
= 2 Roussev, y=¢p=25
o
= 15
a1
0.5
0+ T T T )
0 200 400 600 800
ur (mm)

Fig. 3. Comparison between trends of GRCe**» and GRC*a!!
considering the non-associated flow rule.

6. THE DIFFERENCE BETWEEN GRCCROWN AND
GRCWALL

In order to describe the properties of GRCerown,
a typical view of GRCerown and GRCwal!l is shown in
Fig. 4. According to this figure, GRCcrown js
consisted of two parts; 1) the descending part
which consists of an elastic part (from point A to
point B) and a non-elastic or plastic part (from
point B to point C), and 2) the ascending part
which consists of a non-elastic part with loosening
behavior (from point C to point D). Therefore,
before point C, the plastic zone has not been
loosened and after point C, this zone has been
loosened and consequently the tunnel collapses.
In reality, when the loosening zone is produced, a
highly damaged zone will be created in the
surrounding of the tunnel. Point D shows the
ultimate radial displacement which is due to the
loosening zone radius.

2
b~
& Related io
£ 3 plastic zone Related to loosening zone

© T i
|

ny i

Ure Ur,c Upy Uy

Fig. 4. A typical view of GRCerown and GRCw2!l,
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However, GRCwall is only consisted of the
descending part which consists of an elastic part
and a plastic part, and the maximum radial
displacement occurs when the support pressure is
zero. Therefore, the trend of GRCcrown js different
from GRCwal, and based on it, three new concepts
of “minimum required support pressure”,
“maximum allowable strain”, and “safety factor
based on the allowable strain” have been obtained,
which the first two concepts are introduced below,
and the third concept is introduced in section 7.

a. Minimum required support pressure (Psmin):

Point C is a turning-point for GRCerown, so that
beyond the C, the loosening zone is created and
the tunnel may be completely unstable. The active
pressure at C is named “critical loosening
pressure” (P!). Therefore, to prevent the creation
of loosening zone, the minimum required support
pressure is equal to the critical loosening
pressure, which can be calculated as below:

—0om(k' —2) + Roy (k' — 1)

Famin="""0 "Dk = 2) .
REN'™ [—oim (k' = 2) + RSy (k' = 1) (37)
- (R_o) ( kK —Dk —2) )

where,Rg is the plastic zone radius at the point
C and obtained from Eq. (15), when Pi1=0.

b. Maximum allowable strain (gan):

The maximum allowable strain is equal to the
maximum strain that can occur prior to the
loosening zone is created. Therefore, to prevent
the creation of loosening zone, the interaction
strain between the support system and ground
must be less than the maximum allowable strain.
The maximum allowable strain is defined as
below:

l
ur,C _ ur,c

Ry Rg

€all = (38)

where,ul,. is critical loosening radial
displacement that can be obtained from Eq. (36)
while r = Rf.

7. INVESTIGATION OF DILATANCY EFFECT

As before mentioned, the actual dilatancy value
is a function of both factors of the rock mass
quality and confining stress [10]. For calculating
the peak dilation angle based on the Eq. (25), the
confining stress (o3) is equal to the radial stress at
the outer boundary of plastic zone (03 = or:Rp).

Figs. 5-8 show an evaluation of the relationship
between dilation angle and the plastic radius,
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confining stress, radial displacement, and
maximum allowable strain. As shown in Figs. 5
and 6, with increasing the plastic zone radius and
decreasing the confining stress, the dilation angle
is increased non-linearly. It should be noted that,
based on the Eq. (12) with increasing the plastic
zone radius, the confining stress is decreased. Eqs.
(12) and (13) show that the radial stress at the
outer boundary of plastic zone and the plastic
radius are independent of dilation angle. Also,
based on the Eq. (25), the dilation angle is a
function of the radial stress at the outer boundary
of plastic zone (confining stress). In Fig. 9, taking
into account the associated and non-associated
flow rules, the relationship between the plastic
zone radius and the radial displacement has been
investigated.

14 -
12 1
10 -
€ 8
= Rp = 40.363y- 219.92
" 6 R®=0.9999
41 Rp = -9.8963y2 + 152.42y - 537.08
2 - R =1
0 T T T \
5.573 5.623 5.673 5.723 5.773
v ()

Fig. 5. Relationship between the plastic zone radius and
dilation angle.

1.22 -
p 03 =-0.5595y + 4.3227

1.2 1 R2=10.9999
—~ 1.18 - 03 =0.1372y# - 2.1128y + 8.7192
Gl RE=1
S 116 A
€ 114 |

112 -
1.1 . . . \
5573 5.623 5.673 5.723 5.773
v (%)

Fig. 6. Relationship between the confining stress and
dilation angle.

1000 - u,= 0.0428yA - 1.0931y2 + 10.282y + 92.101

R2=0.9997
800
< 600

E
= 400
200
0 T T T "
0 10 20 30 40
v ()

Fig. 7. Relationship between the radial displacement and
dilation angle.
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0.2 -

£c= 9E-06yA - 0.0002y2 + 0.0021y + 0.0184
R2 =0.9997

0 10 20 30 40
v ()

Fig. 8. Relationship between the maximum allowable
strain and dilation angle.

As shown in this figure, at the same plastic zone
radius, the obtained radial displacements from the
associated flow rule are greater than the obtained
radial displacements from the non-associated flow
rule. In Fig. 10, considering the non-associated
flow rule, the GRCerown has been calculated and
compared with the obtained GRCerown from the
associated flow rule.

14 1

12 4

10 4

" 6 A y=¢p=25

4 A — y=variable

2 4

0 T T T )

0 100 200 300 400
U (mm)

Fig. 9. Influence of dilation angle on the relation between
plastic zone radius and radial displacement.

31 —vy=0
25 1 ¥=p=25
— y=variable
T 27
[a
=15 A
o 1 1
0.5 1
0 . T T )
0 100 200 300 400
u, (mm)

Fig. 10. Influence of dilation angle on the GRCerown,
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According to Egs. (37) and (38) the values of
minimum required support pressure and
maximum allowable strain depends on the
location of turning-point C at the GRCerown in Fig. 4.
As shown in Fig. 10, the place of point C is a
function of the type of plastic potential function so
that, when the non-associated flow rule is
considered (1 is variable), the dilation angle is
always less than the internal friction angle of rock
mass, thus the place of point C at the obtained
GRCerown from the non-associated flow rule is
always behind point C at the obtained GRCcrown
from the associated flow rule. In Table 2, the
properties of point C for two conditions of the
associated flow rule and non-associated flow rule
have been compared. Moreover, in Table 3,
considering the effect of non-associated flow rule,
the reduction percent for each of properties of
point C have been calculated and compared with
the associated flow rule condition. According this
Table, the reduction of maximum allowable strain
is equal to 65% whereas due to independence the
minimum required support pressure from the
dilation angle, the value of Psmin is constant.

In order to demonstrate the performance of
the non-associated flow rule to calculate the radial
displacements, it must be used the concept of
interaction between the support system and
tunnel. Therefore, four support systems are
considered. As shown in Table 4, the support
systems are the same from a resistance point of
view (maximum bearing capacity (Psma) and
stiffness (Ks)) and the only difference is related to
the initial displacement of the tunnel which occurs
before the support installation (uro). There are two
questions; first, why should the support be
designed considering the interaction between the
support characteristics curve (SCC) and obtained
GRC from the non-associated flow rule? And
second, why can't GRCwall be used for support
design when the loosening zone is created? To
answer these questions, the interaction between
SCC with different trends GRC*! is shown in Fig.
11 and its results are mentioned in Table 5.

Table 2. Properties of point C

Non-associated flow rule

Non-associated flow rule

Description Associated flow rule o s iR b
Psmin (MPa) 0.1 0.1 0.1
&ait (%) 6.6 1.8 2.3
ur (mm) 332 94 114
Ypear® (deg.) 25 0 13.5
P 25 0 5.7
Rp (m) 11.9 11.9 11.9
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Table 3. Changes (A) of properties point C considering the
non-associated

ARp AIIJ AllJpeak AUr ASall APs,min
) (W (%) (%) (B (%)
0 -77 46 -65 -65 0

Table 4. Characteristics of support systems

Support No. Psmax, Ks, Uro,
(MPa) (MN/m3) (mm)

1 1 25 20

2 1 25 100

3 1 25 140

4 1 25 250

As shown in Fig. 11, when GRC¥al is obtained
based on the associated flow rule, it is possible to
install all the support systems with the aim of
achieving a safety factor of larger than 1 (Table 4).
Of course, the support 1 is under more pressure
compared to support 4, and on the other hand,
during the installation of support 4, there is an
initial displacement of 250 mm, which is not
desirable. In GRCwal, the radial displacements
reach their maximum value at Pi=0, whereas, there
is no prediction of collapse and the creation of a
loosening zone, which is not consistent with
reality. The safety factor based on the Psmax cab be
calculated as follows:

(39)

where,P;,,; is interaction pressure between SCC
and GRCwall or GRCerown,

y=0

y=¢=25

y=variable
- - -~ Supportl
— —&— - Spport 2
----@---- Support 3
— -4 - — Support 4

200 300 400 500

U, (mm)

Fig. 11. Interaction between SCC and the descending part
of GRCwall,
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Table 5. Results of interaction between SCC and

GR(Cwall
=
i ® Pint Ur,int Eint
2 Voo o o T
a
0 0.52 41 0.82 1.92
9
1 )
= 0.55 42 0.84 1.81
g
25 0.7 48 0.96 1.43
0 0.06 103 2.06 16.66
Q
2 )
£ 0.11 105 2.1 9.09
g
25 0.35 114 2.28 2.86
0 support has no reaction
Q
3 =
£ 0.03 141 2.82 33.33
g
25 0.27 151 3.02 3.70
0 support has no reaction
9
4 g h .
£ support has no reaction
>
25 0.13 255 5.1 7.69

If the GRCwall is considered based on the non-
associated flow rule and =0, only the supports 1
and 2 can be installed. In this condition, the GRCwall
is very conservative because considering the =0
does not correspond to reality. But, considering
the non-associated flow rule and y=variable, the
supports 1, 2, and 3 can be installed (Fig. 11).
However, it should be noted that even considering
the non-associated flow rule, the GRCwa!l does not
have the ability to detect the loosening zone, and
therefore the support design is not correct. In this
situation, it is necessary to use the GRCcrown for the
support design.

As before mentioned, to prevent of tunnel
collapse, the interaction between support system
and the rock mass surrounding tunnel must be
occurred before the point C at GRCeown (the
descending part of GRCerown), Fig. 12 shows that
the interaction between the SCC and the
descending part of GRCeown, According to this
figure, when the GRCcrown js calculated based on
the associated flow rule, due to large dilation angle
(Y=¢), the dilatancy within the rock mass is very
high and consequently, the radial displacements
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corresponding to the point C [Rg), the radial
displacements are greater than the obtained radial
displacements from the non-associated flow rule
(the plastic zone radius is independent of the
dilation angle, thus Rg remains constant). In
reality, when the radial displacements are
calculated based on the associated flow rule,
designer can install the support system with a
further delay whereas the values of obtaining
radial displacements based on the non-associated
flow rule are closer to reality.

With considering the obtained GRCeown from
the associated flow rule, it is possible to install all
the support systems with the aim of achieving a
safety factor of larger than 1 (Table 5), whereas, if
the support is designed based on the obtained
GRCerown from the non-associated flow rule (in
condition of i is variable), only the supports 1 and
2 can be installed (Fig. 12). Therefore, the design
of support system based on the obtained GRCcrown
from the associated flow rule is accompanied by a
significant error and should be avoided. It should
be noted that, considering =0, the GRCeown is
very conservative, and the design support is not
accurate.

As shown in Fig. 12 and Table 6, considering
the non-associated flow rule and y=variable, there
are two choices for the design of the support
system; support systems 1 and 2. The SFp is
greater than 1 for both support systems 1 and 2,
which are 1.92 and 5.5, respectively. To choose the
most optimal support system, a new concept of
"safety factor based on the maximum allowable
strain " can be used. It is calculated as follow:

c. Safety factor based on the maximum
allowable strain (SF):

&
SF:E:L”

40

€int ( )

Where,¢;,,; is interaction strain between SCC
and GRCerown,

When SF: =1, it means that the interaction
place between SCC and GRCerow» coincides with the
point C in Fig. 4. Moreover, it indicates that the
loosening zone is creating and the support system
may not be effective despite the value of SFp is
much greater than 1. When SF: is much greater
than 1, the possibility of creating a loosening zone
is very low.
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3 - y=0
y=¢=25
wy=variable

--4-- Supportl
— ~&— - Support 2
----@---- Support 3
— - 4 - — Support 4
% 0-0 4A- -A
7/
/
/ 7
200 300 400
u, (mm)

Fig. 12. Interaction of between SCC and the descending
part of GRCerown,

Table 6. Results of interaction between SCC and GRCerown

)
z
= ® Pint Ur,int Eint
% Y (MPa) (mm) (%) SFp SFe
A
0 0.47 39 078 213 23
Q
=
1 g 0.52 41 082 192 28
g
25 0.66 46 092 151 717
0 The loosening zone has been created.
(5}
=
2 -E 0.18 105 2.1 5.5 1.1
g
25 0.33 114 23 3.03 29
0 The loosening zone has been created.
(5}
=
3 £ The loosening zone has been created.
g
25 0.26 150 3 385 22
0 The loosening zone has been created.
(5}
=
4 £ The loosening zone has been created.
g
25 0.14 256 51 714 13

The value of SF: is completely dependent on
the time and place of support system installation.
For example, as shown in Table 6, the only
difference between support systems 1 and 2 is the
amount of initial displacement at the time of
installation, which causes the SF: of support 1 to
be 155% greater than SFe support 2, whereas, the
SFr of support 2 is 186% greater than the SFp of
support 1.
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Therefore, the following procedure is
suggested to design the support system:

1. It should be checked whether there is a
possibility of creating a loosening zone at the
tunnel crown or not.

2. If the loosening zone is not created, the
GRCwal should be used for support design, and
otherwise, the support design should be based on
the GRCerown,

3. If the loosening zone is created, it must be
calculated the minimum required support
pressure and maximum allowable strain.

4. For an optimal design, the SFr and SFe must
be calculated and their values checked technically.

8. CONCLUSIONS

In this paper, considering the non-associated
flow rule and the effect of plastic zone weight, an
analytical solution was presented for calculating
GRCerown in circular tunnels. It was also shown that
the creation of the loosening zone is possible only
at the tunnel crown, and the displacements in the
tunnel wall reach their maximum value at the
support pressure equal to zero, while at the tunnel
crown, due to the creation of the loosening zone,
the displacements increase.

The obtained results showed that the dilation
angle significantly affects the trend of GRCcrown,
so if its value is not chosen correctly, the
characteristics of the loosening zone are
calculated incorrectly, and as a result, it is not
possible to design an optimum support system.

Also, three new concepts of “minimum
required support pressure”, “maximum allowable
strain”, and “safety factor based on the maximum
allowable strain” were presented and showed that
they are very essential in the analysis of tunnel
stability. In fact, considering the value of the
variable dilation angle, if the loosening zone is
created at the tunnel crown, all three mentioned
concepts should be taken into account in the
design of the support system.

A sensitivity analysis was carried out, which
showed that, the determination of radial
displacements surrounding the tunnel and
consequently GRCeown based on the associated
flow rule is wrong. Finally, a design support
procedure was suggested and showed that to the
design of support system, the calculation of a new
concept of “safety factor based on the maximum
allowable strain” is required.
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Finally, it is suggested that the method of this
paper be developed for the non-hydrostatic stress
field.
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